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iation of spatially
inhomogeneous moleular ondensates
Magnus Ögren and K. V. Kheruntsyan
ARC Centre of Exellene for Quantum-Atom Optis, Shool of Physial Sienes,
University of Queensland, Brisbane, Queensland 4072, Australia
(Dated: November 19, 2018)
We study atom-atom orrelations and relative number squeezing in the dissoiation of a Bose-
Einstein ondensate (BEC) of moleular dimers made of either bosoni or fermioni atom pairs. Our
treatment addresses the role of the spatial inhomogeneity of the moleular BEC on the strength of
orrelations in the short time limit. We obtain expliit analyti results for the density-density
orrelation funtions in momentum spae, and show that the orrelation widths and the degree of
relative number squeezing are determined merely by the shape of the moleular ondensate.
PACS numbers: 03.75.-b, 03.65.-w, 05.30.-d, 33.80.Gj
Dissoiation of a Bose-Einstein ondensate (BEC) of
moleular dimers [1℄ into pair-orrelated atoms repre-
sents the matter-wave analog of two-photon parametri
down-onversion. The latter proess has been of ru-
ial importane to the development of quantum optis.
Owing to this analogy, moleular dissoiation urrently
represents one of the workhorses of the new eld of
quantum-atom optis [2, 3, 4, 5, 6, 7, 8, 9, 10℄ and oers
promising opportunities for the generation of strongly
orrelated atomi ensembles and fundamental tests of
quantum mehanis with marosopi numbers of mas-
sive partiles. Examples inlude the demonstration of
the Einstein-Podolski-Rosen paradox and violation of a
lassial Cauhy-Shwartz inequality [5, 8, 11℄. A losely
related proess is atomi four-wave mixing in a ollision
of two BECs [12, 13℄, whih produes a spherial halo of
spontaneously sattered atoms [14, 15, 16, 17, 18, 19, 20℄
with orrelations very similar to those in dissoiation.
A reently emerged disussion topi  following the ex-
periments of Ref. [13℄ on BEC ollisions  is the under-
standing of the width and the strength of the observed
orrelations, as well as the prospets of deteting rela-
tive number squeezing in the halo of the s-wave sat-
tered atoms [17, 19, 20℄. The same questions are relevant
to atom-atom orrelations in moleular dissoiation and
have not been fully addressed so far.
In this paper, we study atom-atom orrelations and
relative number squeezing in the dissoiation of a mole-
ular BEC in the short time limit. Our analysis applies
to moleules that may onsist of pairs of either bosoni
or fermioni atoms, and takes into aount the spatial
inhomogeneity of the moleular BEC. It has been ar-
gued before and shown in the bosoni ase [7, 8℄ that
the treatment of spatial inhomogeneity is ruial for ob-
taining quantitatively orret results for atom-atom or-
relations. In the fermioni ase, the treatments of dissoi-
ation have been so far restrited only to uniform systems
[6, 9, 21, 22℄. In all ases, however, the tehniques are
numerial and do not give the transpareny of analyti
understanding, in ontrast to the results obtained here.
The eetive quantum eld theory Hamiltonian de-
sribing our system in the undepleted moleular eld ap-
proximation is given, in a rotating frame, by [23℄
Ĥ =
∫
dx
{∑
i=1,2
(
~
2
2m
|∂xΨ̂i|2 + ~∆Ψ̂†i Ψ̂i
)
−i~g(x)
(
Ψ̂1Ψ̂2 − Ψ̂†2Ψ̂†1
)}
. (1)
The operators Ψ̂1,2(x, t) desribe the atoms in two dier-
ent spin states, whih an be either bosoni or fermioni,
and we assume that they have the same mass. The ee-
tive oupling g(x) is dened as g(x) = χ
√
ρ0(x), where
χ is the atom-moleule oupling (see [22℄ for details) and
ρ0(x) is the initial density of the moleular BEC in a
harmoni trap. For omputational simpliity we start
by treating a one-dimensional (1D) system; the analyti
results will later be generalized to three dimensions (3D).
The key dierene between the present and previ-
ous (uniform) treatments of dissoiation in the unde-
pleted moleular approximation [4, 6℄ is that we retain
the spatial dependeny of the moleular BEC: the ee-
tive oupling g(x) absorbs the moleular eld, whih is
treated lassially via the oherent mean-eld amplitude
Ψ0(x) =
√
ρ0 (x). The undepleted moleular approxi-
mation is valid only for short dissoiation times, during
whih the onverted fration of moleules does not exeed
∼ 10% [7, 22℄. Aordingly, the oupling g(x) an be kept
onstant in time, although the evolution of the atomi
eld is taking plae in free spae. In this regime, the dis-
soiation typially reates low-density atomi louds for
whih the s-wave sattering interations are a negligible
eet too [7℄.
The detuning ∆ in Eq. (1) orresponds to the energy
mismath 2~∆ between the free two-atom state in the
dissoiation threshold and the bound moleular state.
Moleules that are unstable against spontaneous disso-
iation orrespond to ∆ < 0, with 2~|∆| being the total
dissoiation energy that is onverted into kineti energy
of atom pairs primarily populating the resonant momenta
around ±k0, with k0 =
√
2m|∆|/~.
2Writing down the Heisenberg equations of motion
for the eld operators and onverting to Fourier spae
Ψ̂j(x, t) =
∫
dkâj(k, t) exp(ikx)/
√
2pi, we arrive at the
following oupled equations for the operators âj(k, t):
dâ1(k, t)
dt
= −i∆kâ1(k, t)±
∫
dq√
2pi
g˜(q + k)â†2(q, t),
dâ†2(k, t)
dt
= i∆kâ
†
2(k, t) +
∫
dq√
2pi
g˜(q − k)â1(−q, t). (2)
Here and hereafter the + (−) [in general, upper (lower)℄
sign stands for bosoni (fermioni) statistis of the atoms,
g˜(k) =
∫
dxe−ikxg(x)/
√
2pi is the Fourier transform of
the eetive oupling g(x), and ∆k ≡ ~k2/ (2m1) + ∆.
Equations (2) an be solved numerially using stan-
dard methods of linear operator algebra. One an show
that, for vauum initial onditions, the only nonzero
seond-order moments are the normal and anomalous
atomi densities, nj(k, k
′, t) ≡ 〈â†j(k, t)âj(k′, t)〉 and
m12(k, k
′, t) ≡ 〈â1(k, t)â2(k′, t)〉. From Eqs. (2) we an
see that the nite width of g˜(k)  due to the inhomo-
geneity of the soure  implies that â1(k) ouples not
only to the partner spin omponent at exatly opposite
momentum â†2(−k) (as is the ase in the homogeneous
system), but also to a range of momenta around −k,
within −k ± δk. The spread in δk determines the width
of atom-atom orrelations and is ultimately related to
the width of the moleular BEC.
We now turn to the quantitative analysis of atom-atom
orrelations expeted to be present between the dier-
ent spin-state atoms with equal but opposite momenta
due to momentum onservation, and between the same
spin-state atoms in the ollinear diretion due to quan-
tum statistial eets. We quantify these orrelations via
Glauber's seond-order orrelation funtion,
g
(2)
ij (k, k
′, t) =
〈â†i (k, t)â†j(k′, t)âj(k′, t)âi(k, t)〉
ni(k, t)nj(k′, t)
. (3)
The normalization with respet to the produt of den-
sities ni(k, t) and nj(k
′, t) [with nj(k, t) ≡ nj(k, k, t)℄
ensures that g
(2)
ij (k, k
′, t) = 1 for unorrelated states.
Due to obvious symmetry onsiderations, g
(2)
12 (k, k
′, t) =
g
(2)
21 (k, k
′, t) and g
(2)
11 (k, k
′, t) = g
(2)
22 (k, k
′, t).
Sine the eetive Hamiltonian orresponding to
Eqs. (2) is quadrati in the eld operators, we an ap-
ply Wik's theorem to fatorize the fourth-order mo-
ment in Eq. (3). Noting that 〈â†1(k, t)â2(k′, t)〉 =
〈âj(k, t)âj(k′, t)〉 = 0 in the present model, we obtain
g
(2)
12 (k, k
′, t) = 1 + |m12(k, k′, t)|2/[n1(k, t)n2(k′, t)], (4)
g
(2)
jj (k, k
′, t) = 1± |nj(k, k′, t)|2/[nj(k, t)nj(k′, t)]. (5)
Before presenting the results based on numerial so-
lutions of Eqs. (2), we now develop simple analyti ap-
proahes that give approximate preditions for these ob-
servables, valid for short times. More speially, we
treat the short time dynamis of dissoiation via the Tay-
lor expansion in time, up to terms of order t2 [26℄,
âj(k, t) = âj(k, 0)+
∂âj(k, t)
∂t
∣∣∣∣
t=0
t+
∂2âj(k, t)
∂t2
∣∣∣∣
t=0
t2
2
+. . .
valid for t≪ t0, where t0 = 1/χ
√
ρ0(0) is the time sale.
Using the rhs of Eqs. (2), this gives, up to the lowest-
order terms, nj(k, k
′, t) ≃ t2 ∫ dqg˜∗(q + k)g˜(q + k′)/2pi
and |m12(k, k′, t)| ≃ t|g˜(k + k′)|/
√
2pi, or equivalently
nj(k, k
′, t) ≃ t2
∫
dxe−i(k−k
′)x[g(x)]2/2pi, (6)
|m12(k, k′, t)| ≃ t
∣∣∣∣
∫
dxe−i(k+k
′)xg(x)/2pi
∣∣∣∣ . (7)
These results show that the width of the ollinear (CL)
orrelation between the same-spin atoms with nearly the
same momenta, Eq. (5), will be determined by the square
of the Fourier transform of the square of the eetive ou-
pling g(x). On the other hand, the width of the bak-
to-bak (BB) orrelation, Eq. (4), between the dierent
spin-state atoms with nearly opposite momenta will be
determined by the square of the Fourier transform of
g(x). Therefore, the CL orrelation is generally broader
than the BB orrelation. These onlusions are true for
any shape of the soure and apply to both bosoni and
fermioni statistis in the short time limit.
Thomas-Fermi (TF) paraboli density prole.  We
now give expliit analyti results for the ase of a TF in-
verted parabola for the moleular BEC density, ρ0(x) =
ρ0(1 − x2/R2TF) (|x| ≤ RTF), in whih ase g(x) =
χ
√
ρ0(1− x2/R2TF)1/2. Using the integral representation
of Bessel funtions Jν(z) [27℄, Eqs. (6) and (7) yield
nj(k, k
′, t) ≃ 2t
2χ2ρ0RTF√
2pi
J3/2 ((k − k′)RTF )
[(k − k′)RTF ]3/2
, (8)
|m12(k, k′, t)| ≃
tχ
√
ρ0RTF
2
J1 ((k + k
′)RTF )
(k + k′)RTF
. (9)
Sine Jν(z) ≃ (z/2)ν/Γ(ν+1) for z ≪ 1, the atomi mo-
mentum distribution nj(k, t) and the diagonal anomalous
density m12(k,−k, t) are nj(k, t) ≃ 2t2χ2ρ0RTF/3pi and
|m12(k,−k, t)| ≃ tχ√ρ0RTF/4. Despite the fat that the
atomi momentum distribution in the lowest order in t is
uniform, the momentum uto kmax [23℄  whih must be
assumed when using a δ-funtion interation in Eq. (1) 
prevents the total atom number from diverging.
Substituting Eqs. (8) and (9) into Eqs. (4) and (5), we
obtain the following expliit results for the atom-atom
orrelations, valid for t≪ t0:
g
(2)
12 (k, k
′, t) ≃ 1 + 9pi
2
16t2χ2ρ0
[J1 ((k + k
′)RTF)]
2
[(k + k′)RTF]
2 , (10)
g
(2)
jj (k, k
′, t) ≃ 1± 9pi
2
[
J3/2 ((k − k′)RTF)
]2
[(k − k′)RTF]3
. (11)
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Figure 1: Bak-to-bak (a) and ollinear (b) orrelation
g
(2)
ij (k, k0, t) as a funtion of k at t/t0 = 0.5. The dimension-
less detuning is δ = ∆t0 = −9, where t0 = 1/χ
p
ρ0(0) ≃ 5 ms
is the time sale; the Thomas-Fermi radius of the moleular
BEC is RTF = 250 µm; for other parameters, see Ref. [24℄.
The pair orrelations g
(2)
ij (k, k0, t = 0.5t0), where the
momentum of one of the atomi omponents is xed to
k0, while the partner momentum k is varied, is plotted
in Figs. 1(a) and 1(b). The dashed lines are the ana-
lyti results of Eqs. (10) and (11), whereas the solid lines
are the numerial results from Eqs. (2). In Fig. 1(b) the
dashed lines are almost indistinguishable from the respe-
tive solid lines, even though the ratio t/t0 = 0.5 is not
very small. For earlier times, the agreement between the
analyti and numerial results is even better.
In the ase of dierent spin states, g
(2)
12 (k, k0, t), with
either bosoni or fermioni atoms, we see a strong BB
orrelation signal between atom pairs with equal but op-
posite momenta, entered at k = −k0. The same-spin
CL orrelation funtion g
(2)
jj (k, k0, t), on the other hand,
shows the Hanbury Brown and Twiss bunhing peak for
bosons and an antibunhing dip for fermions due to Pauli
bloking [25℄, both entered at k = k0.
In Fig. 2(a), we plot the widths of the BB and CL or-
relations as a funtion of time. For simpliity, we dene
them as the half-width at half-maximum. The widths
in the bosoni and fermioni ases (with the solid lines
orresponding to the numerial results) have universal
asymptotis in the limit t → 0, when the quantum sta-
tistial eets are irrelevant due to low mode oupanies.
The asymptoti values (dashed lines) are found from Eqs.
(10) and (11): w
(BB)
corr = ws and w
(CL)
corr ≃ 1.12ws, where
ws ≃ 1.62/RTF is the width of the momentum distribu-
tion ρ˜0(k) = |g˜(k)|2/χ2 = |
√
ρ0pi/2J1(kRTF)/k|2 of the
atual soure  the moleular BEC.
As an alternative measure of the strength of atom-
atom orrelations [7℄, we also alulate the variane of
number-dierene utuations for atoms in dierent spin
states and with equal but opposite momenta ±k0,
Vk0,−k0(t) = 〈[∆(N̂1,k0 − N̂2,−k0)]2〉/SN, (12)
where SN is the shot-noise level that originates from
unorrelated states. The number operators are de-
ned by N̂j,±k0(t) =
∫
K
dkn̂j(k, t) [with n̂j(k, t) =
0 0.5 1 1.50.9
1
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Figure 2: (a) Width of the BB and CL orrelations relative to
the momentum width of the moleular BEC, ws ≃ 1.62/RTF ,
as a funtion of time, for the physial parameters of Fig. 1.
(b) Relative number variane Vk0,−k0(t) as a funtion of time,
for R
(1)
TF = 250 µm (1), R
(2)
TF = 167 µm (2), and R
(3)
TF = 83 µm
(3). The ounting length is ∆k = pi/2R
(1)
TF in all ases.
â†j(k, t)âj(k, t)℄, where K is the ounting length around
±k0. On a omputational lattie the simplest hoie
that does not require expliit binning of the signal is
K = ∆k, where ∆k is the lattie spaing, and therefore
N̂j,±k0(t) = n̂j(±k0, t)∆k. We emphasize that SN is dif-
ferent for bosons and fermions. For the bosoni ase, SN
is given by the sum of varianes of the individual mode
oupanies with Poissonian statistis (as in the oher-
ent state), implying that SN = 〈N̂1,k0〉+ 〈N̂2,−k0〉. For
the fermioni ase, the sum of individual varianes gives
SN = 〈N̂1,k0〉(1 − 〈N̂1,k0〉)+ 〈N̂2,−k0〉(1 − 〈N̂2,−k0〉) [6℄.
The variane (12) an be rewritten as
Vk0,−k0(t) = 1−
∆kn1(k0, t)
1− s∆kn1(k0, t)
×[g(2)12 (k0,−k0, t)− g(2)11 (k0, k0, t)],(13)
where s = 0(1) for bosons (fermions), and we have taken
into aount that 〈N̂1,k0〉 = 〈N̂2,−k0〉 and g(2)11 (k0, k0, t) =
g
(2)
22 (−k0,−k0, t). Variane Vk0,−k0(t) < 1 implies squeez-
ing of utuations below the shot-noise level and orre-
sponds to a violation of the lassial Cauhy-Shwartz
inequality with g
(2)
12 (k0,−k0, t) > g(2)11 (k0, k0, t) [8℄.
The short time asymptotis for the variane an be
found using Eqs. (10) and (11), yielding
Vk0,−k0(t≪ t0) = 1− 3pi∆k RTF/32. (14)
The small geometri prefator in the seond term, to-
gether with the resolution requirement ∆k . 1/RTF, en-
sures that Vk0,−k0 > 0. We see that the squeezing is
stronger for larger ondensates and ounting lengths.
In Fig. 2(b) we plot the variane Vk0,−k0(t) for three
dierent sizes of the moleular ondensate. The solid
lines are the numerial results from Eqs. (2), whereas the
horizontal dashed lines are the short time asymptoti re-
sults of Eq. (14) mathing preisely the numerial results
in the limit t → 0. As we an see, the squeezing of the
relative number utuations (from the numerial urves)
4does not hange signiantly with time for bosons, while
for fermions its dynamis is aeted by a stronger depen-
dene of the fermioni shot noise on the mode oupany.
The squeezing is stronger for larger ondensates, but is
still far from perfet squeezing, Vk0,−k0(t) = 0, whih
follows from the idealized uniform models [6, 7℄.
Gaussian density prole.  For omparison, we also
give the analyti results for a Gaussian density prole
ρ0(x) = ρ0 exp(−x2/2σ2x) of the moleular BEC, giving
the momentum distribution of ρ˜0(k) ∝ exp(−k2/2σ2k),
where σx and σk = 1/2σx are the rms widths. In this
ase, the atom-atom orrelations are
g
(2)
12 (k, k
′, t≪ t0) ≃ 1 + 2e−(k+k
′)2/2σ2
k/(t2χ2ρ0), (15)
g
(2)
jj (k, k
′, t≪ t0) ≃ 1± e−(k−k
′)2/4σ2
k . (16)
The respetive rms widths are given by σ
(BB)
corr = σk and
σ
(CL)
corr =
√
2σk, resulting in the ratio σ
(CL)
corr /σ
(BB)
corr =
√
2.
The relative number squeezing is Vk0,−k0(t ≪ t0) = 1 −√
2/pi∆k σx, with ∆k . 1/2σx ensuring Vk0,−k0 > 0.
Results in 3D.  For a nonisotropi TF paraboli den-
sity prole of the moleular BEC, performing the inte-
grals in 3D versions of Eqs. (6) and (7) is more um-
bersome and we only give the nal results for orre-
lations orresponding to the displaement between the
pairs of momenta along one of the Cartesian oordinates
α = x, y, z. The BB and CL orrelation widths obtained
here are w
(BB)
corr,α = ws,α and w
(CL)
corr,α ≃ 1.08ws,α, where
ws,α ≃ 1.99/RTF,α. The relative number variane is
Vk0,−k0(t ≪ t0) ≃ 1 − 15(∆k RTF)3/210, where ∆k =
(∆kx∆ky∆kz)
1/3
and RTF = (RTF,xRTF,yRTF,z)
1/3
are
the geometri means. The muh smaller (than in 1D)
geometri prefator in the seond term, together with
∆kα . 1/RTF,α, explains why the raw (unbinned)
squeezing is muh weaker in 3D [7, 8℄ than in 1D. There-
fore, the presription of Ref. [8℄ to perform binning for
obtaining stronger squeezing is more ruial in 3D.
For a Gaussian density prole, the generalization to
3D is straightforward. In partiular, the BB and CL or-
relation widths for a displaement along x, y, or z are as
in 1D, while the relative number variane is Vk0,−k0(t≪
t0) = 1− [
√
2/pi ∆k σ]3, where σ = (σxσyσz)
1/3
.
In summary, we have studied the dissoiation of a BEC
of moleular dimers into orrelated fermioni and bosoni
atom pairs. We have obtained expliit analyti results for
the width and strength of the atom-atom orrelations and
for the relative number squeezing in the short time limit,
using realisti density proles of the moleular BEC. The
results show how the squeezing improves with the larger
size of the moleular ondensate, and how it an degrade
in strongly inhomogeneous systems. Our approah an
be easily generalized to desribe similar eets in atomi
four-wave mixing via BEC ollisions [13, 19, 20℄.
The authors aknowledge support from the Australian
Researh Counil and thank J. F. Corney, M. J. Davis,
M. K. Olsen, and C. M. Savage for useful disussions.
[1℄ T. Mukaiyama et al., Phys. Rev. Lett. 92, 180402 (2004);
S. Dürr, T. Volz, and G. Rempe, Phys. Rev. A 70,
031601(R) (2004); M. Greiner et al., Phys. Rev. Lett.
94, 110401 (2005); S. T. Thompson, E. Hodby, and C.
E. Wieman, Phys. Rev. Lett. 94, 020401 (2005).
[2℄ U. V. Poulsen and K. Mølmer, Phys. Rev. A 63, 023604
(2001); K. V. Kheruntsyan and P. D. Drummond, ibid.
66, 031602(R) (2002); K. V. Kheruntsyan, ibid. 71,
053609 (2005).
[3℄ M. G. Moore and A. Vardi, Phys. Rev. Lett. 88, 160402
(2002); T. Köhler, E. Tiesinga, and P. S. Julienne, ibid.
94, 020402 (2005).
[4℄ V. A. Yurovsky and A. Ben-Reuven, Phys. Rev. A 67,
043611 (2003).
[5℄ K. V. Kheruntsyan, M. K. Olsen, and P. D. Drummond,
Phys. Rev. Lett. 95, 150405 (2005).
[6℄ K. V. Kheruntsyan, Phys. Rev. Lett. 96, 110401 (2006).
[7℄ C. M. Savage, P. E. Shwenn, and K. V. Kheruntsyan,
Phys. Rev. A 74, 033620 (2006).
[8℄ C. M. Savage and K. V. Kheruntsyan, Phys. Rev. Lett.
99, 220404 (2007).
[9℄ M. W. Jak and H. Pu, Phys. Rev. A 72, 063625 (2005).
[10℄ B. Zhao et al., Phys. Rev. A 75, 042312 (2007); I. Tikho-
nenkov and A. Vardi, Phys. Rev. Lett. 98, 080403 (2007).
[11℄ T. Opatrný and G. Kurizki, Phys. Rev. Lett. 86, 3180
(2001).
[12℄ L. Deng et al., Nature (London) 398, 218 (1999); J. M.
Vogels, K. Xu, and W. Ketterle, Phys. Rev. Lett. 89,
020401 (2002).
[13℄ A. Perrin et al., Phys. Rev. Lett. 99, 150405 (2007).
[14℄ H. Pu and P. Meystre, Phys. Rev. Lett. 85, 3987 (2000).
[15℄ L.-M. Duan et. al., Phys. Rev. Lett. 85, 3991 (2000).
[16℄ V. A. Yurovsky, Phys. Rev. A 65, 033605 (2002).
[17℄ R. Bah, M. Trippenbah, and K. Rza»ewski, Phys. Rev.
A 65, 063605 (2002); P. Zi« et al., Phys. Rev. Lett. 94,
200401 (2005).
[18℄ A. A. Norrie, R. J. Ballagh, and C. W. Gardiner, Phys.
Rev. A 73, 043617 (2006); P. Deuar and P. D. Drum-
mond, Phys. Rev. Lett. 98, 120402 (2007).
[19℄ K. Mølmer et al., Phys. Rev. A 77, 033601 (2008).
[20℄ A. Perrin et al., New J. Physis 10 , 045021 (2008).
[21℄ J. F. Corney and P. D. Drummond, Phys. Rev. Lett. 93,
260401 (2004); Phys. Rev. B 73, 125112 (2006).
[22℄ M. J. Davis et al., Phys. Rev. A 77, 023617 (2008).
[23℄ K. V. Kheruntsyan and P. D. Drummond, Phys. Rev.
A 61, 063816 (2000); P. D. Drummond and K. V.
Kheruntsyan, Phys. Rev. A 70, 033609 (2004).
[24℄ In the ase of fermioni atoms, we onsider a BEC of
40
K2 dimers with a peak 1D density ρ0(0) = 4×10
7
m
−1
and χ = 3.15× 10−2 m1/2/s [22℄. In the bosoni ase, we
assume the same parameters as a hypotheti example.
[25℄ These eets are similar to those observed in BEC olli-
sions [13℄ and in a degenerate Fermi gas, T. Jeltes et al.,
Nature (London) 445, 402 (2007).
[26℄ One an hek that the ommutation/antiommutation
relations here are
ˆba(k, t),ba†(k′, t)˜
∓
≈ δ(k − k′) up to
terms of the order of t2.
[27℄ Handbook of Mathematial Funtions, Edited by
Abramowitz and I. A. Stegun (Dover, New York, 1965).
